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We have investigated the realizability of the controlled-NOT (cnot) gate and characterized the 
gate operation by quantum process tomography for a chain of qubits, realized by electrons confined 
in self-assembled quantum dots embedded in the spin field-effect transistor. We have shown that 
the CNOT gate operation and its process tomography are performable by using the spin exchange 
interaction and several local qubit rotations within the coherence time of qubits. Moreover it is 
shown that when the fluctuation of operation time and the imperfection of polarization of channel 
electrons are considered as sources of decay of fidelity, the process fidelity of CNOT decreases at 
most 5% by the fluctuation of the operation time and its values of 0.49 and 0.72 are obtained for 
polarizations of the channel spin 0.6 and 0.8, respectively. 

PACS numbers: 03.67.Lx, 03.65. Wj, 85.75.Hh, 72.25.Hg 



I. INTRODUCTION 

In order to realize quantum information processors, 
various kinds of physical systems have been proposed and 
investigated. In particular, solid-state devices with the 
quantum bits (qubits) realized by the spins of electrons 
confined in quantum dots in semiconductors^"'^ are sup- 
posed to be promising in terms of its compatibility with 
existing semiconductor technology. Among them, verti- 
cally stacked self-assembled InAs quantum dots have an 
advantage of operational ability at relatively higher tem- 
perature of the order of 1 K because of the strong con- 
finement of electrons. ""^ Recall that an electron gas con- 
fined in two dimensions by Schottky electrode operates at 
most at millikclvin order^'"^. Furthermore the vertically 
stacked quantum dot system has higher scalability than 
the two dimensional electron gas system. We have pro- 
posed and investigated,^"'^ from both experimental and 
theoretical aspects, a system of vertically stacked self- 
assembled InAs dots buried in AlInAs barrier layer adja- 
cent to the channel of a spin field-effect transistor (FET) . 

In the proposed setup^"^ illustrated in Fig.l, each 
qubit evolves under the interactions with the neighboring 
qubits and would be rotated via electric spin resonance 
(ESR). Moreover, it is possible to measure repeatedly the 
spin state of the electron in the edge quantum dot, just 
above the channel of the FET. by making use of the so- 
called spin-blockade measurement. Although we cannot 
directly access to the other qubits than the one on the 
edge for the proposed system, we can still perform useful 
operations on all the qubits. Initialization and entangle- 
ment generation of multiple qubits can be realized via re- 
peated measurements only on the edge qubit. ^ The state 
tomography of qubits was discussed in Rcf. 7. In this 



paper, we show that a controlled-NOT (cnot) operation 
and a characterization of the operation by a quantum 
process tomography^'^ are also available in this system. 

A CNOT gate is one of the most important gate op- 
erations because it constitutes a universal set of quan- 
tum gates together with singe-qubit rotations. The CNOT 
gate operation has been carried out for several physical 
systems including linear optics, -"^^^^^ trapped atoms, ^^"^* 
and solid-state qubits. ^^'^^ In Ref. 17, it has been shown 
that the CNOT gate operation can be implemented by 
using single-qubit rotations and neighboring spin ex- 
change interaction. We investigate whether the scheme 
in Ref. 17 can be applied to the proposed system with 
experimentally reasonable parameters. Furthermore in 
order to check that the quantum device operates cor- 
rectly, it is required to characterize the gate operation. 
In this paper, we characterize the CNOT gate operation 
for the proposed system by a quantum process tomog- 
raphy (QPT) with fiuctuations of the operation time 
and incompleteness of the spin polarization of channel 
electrons taken into account. Several QPT experiments 
have been demonstrated in NMR implementations, ^®'^^ 
optical systems, ^"'^^ and in solid-state qubits. •^^^^'^ Notice 
that we are allowed to measure only the edge qubit of the 
chain of the qubits. Still, we wish to carry out the com- 
plete QPT, and we are going to show that it is actually 
possible.^* 

This article is organized as follows. In Sec. II, we 
describe the system of vertically stacked self-assembled 
InAs quantum dots buried in AlInAs barrier layer adja- 
cent to the channel of a spin FET and some character- 
istic properties of this system. In Sec. Ill, we introduce 
a scheme to realize the cnot operation and discuss a 
possibility of implementing this scheme to the proposed 
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FIG. 1: Schematic view of spin FET embedded with quantum 
dots. 



system with reasonable parameters. The quantum pro- 
cess tomography of the CNOT gate is conducted on the 
basis of the state tomography scheme^ in Sec. IV. Con- 
clusion and future direction are given in Sec. V. 



for InAs self-assembled quantum dots.^^ The electrical 
injection of spin-polarized electrons into semiconductors 
is investigated and demonstrated recently^^"^* and the 
spin injection from ferromagnetic metals is demonstrated 
for several systems. ^^'^^ In the case of Heusler alloys as 
a spin injector, a spin-injection efficiency of at least 50% 
is already achieved. ^^ The spin injection with the high 
efficiency of 80% is also realized in the diluted magnetic 
semiconductor device. ^^ Since hole conduction is used in 
the case of diluted magnetic semiconductor, the whole de- 
vice must be changed into a hole system but it is expected 
that such efficient spin injection should be attained in the 
proposed system. 



III. REALIZATION OF CNOT GATE 



II. DEVICE STRUCTURE 

The proposed device is illustrated in Fig. 1. A series of 
self-assembled quantum dots are embedded in the FET 
structure just above the spin channel. A single electron 
is confined in each quantum dot and quantum informa- 
tion is encoded on its spin states, |t) and |4-). Such a 
situation where only a single electron is stored in each 
dot is realized by properly adjusting the gate voltage Vq- 
Each qubit can be rotated via ESR to perform single- 
qubit operations, and the qubits are made entangled by 
the interactions between the adjacent qubits. 

The FET structure enables us to measure the spin state 
of the electron confined in the edge quantum dot X. If 
the channel electrons are all in a definite spin state, say 
t), the channel current I^ exhibits either peaks or a 
monotonous increase as a function of the gate voltage 
Vg, depending on the spin state of the electron in dot 
X. When the spin state oi X is \i)x, a channel electron 
enters the edge dot X at a certain gate voltage Vq by the 
tunneling effect. On the contrary, when the spin state of 
X is |t)x, it cannot enter the dot due to Pauli's exclusion 
principle (spin blockade) . Thus one can measure the spin 
state of the edge qubit by sweeping the gate voltage Vg 
and exploring the channel current Id- 

The feasibility of the present scheme is discussed in 
Ref. 6, in which the exchange interaction energy J be- 
tween adjacent qubits and the corresponding time scale 
T = it/ J are evaluated. ESR absorption peak separations 
for quantum dots with a slightly modified compound ra- 
tio X of the Ini_a;Gaa;As, which is necessary to a selec- 
tive access to each qubit, are also investigated. For a 
selective spin flipping in stacked quantum dots, differ- 
ence of more than 10% in the composition ratio of adja- 
cent dots is needed. The spin-flipping time is estimated 
to be 50 ps. The modulation of the channel current by a 
single-electron charging in a quantum dot adjacent to the 
channel is demonstrated in a trial structure with a single 
layer of quantum dot with unpolarized channel current. 
A spin decoherence time of a few ns has been reported 



The CNOT gate is represented by the following unitary 
transformation 



Uc 



= n)x{t\®^A + \l)x{i\<E>ai 



(3.1) 



Here qubit X and A are the control and target qubit, 
respectively and |t(i))x is the eigenstate corresponding 
to eigenvalue 1(— 1) of a^ . 

A general prescription to construct this operation by 
using of spin-spin exchange interaction 
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(3.2) 



and single-qubit rotations is proposed by Hill.^^ It is how- 
ever not obvious whether this method is realizable in each 
physical system or not. Therefore it is important to in- 
vestigate the feasibility of a CNOT gate in the proposed 
system. 

The prescription proposed by Hill^^ is as follows. 
Firstly, we perform the so-called term isolation. The iso- 
lation of u'^ uf term can be achieved by the following 
sequence. 



-'<>"'^''" = i?f )(7r)e-^«*/2^i^)(^)g- 



iHt/2 



(3.3) 



where Ri' {9) ~ e^*^'^^ /^ is a single-qubit rotation of an 
angle 9 around the z axis of qubit Q {Q ~ X or A) and 
an overall phase is ignored. Then we can realize (3.1) 
by using the isolated cr^cr^ interaction (3.3) and some 
single-qubit operations. 
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(3.4) 
where i/^'^^ stands for the Hadamard gate on qubit A. 

In the proposed device, the strength of the exchange 
interaction g is typically of the order of 0.01-1 meV for 
stacked self-assembled quantum dots and so the typical 
operation time t ~ j- becomes 0.5-50 ps. This is small 
enough compared to the spin-decoherence time of self- 
assembled quantum dots (~ a few ns) and comparable to 
the operation time of single-qubit spin rotation, imply- 
ing that the CNOT gate operation can be realized for the 
proposed system within the coherence time. 



IV. PROCESS TOMOGRAPHY OF CNOT GATE 

To characterize the CNOT gate operation, we perform 
the quantum process tomography (QPT). The idea of 
QPT is to determine a completely positive (CP) map, 
which represents the process acting on an arbitrary input 
state p: 



£{p) = Y,A.,pA\, 



(4.1) 



where Ai are Kraus operators and satisfy the condition 
^iA\Ai ~ 'i.. If we expand Ai in terms of a basis for 
operators acting on p, {£'mn}mn=iJ t^c CP map 8 can 
be rewritten as 



^(P) = X! Xmn,klEmkpEli, 



(4.2) 
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where Xr, 



..kl 



E,Tr[£;^,^,]Tr[<,A,]*. The matrix 
X = {Xmn,ki}m,n,k,i=i '^^ callcd a proccss matrix. If aU 
elements of x E^re known, one can obtain output state 
of CP map (4.1) for any input state. When we choose 
the basis operators Emn = |"^)(n| in terms of the basis 
vectors {|'7i)}m=i in Hilbert space, Xmn ki is represented 
by XmnM = Tr[El^£{Eki)] - {m\{S{\k) {l\)]\n) . We 
can determine the process matrix elements as the output 
matrix elements of the CP map for the specific 16 inputs 
{Eki). 

In order to obtain these process matrix elements Xmn.ki 
we perform the following three steps of operation. 
Step 1: preparation of initial states. In this paper, we 
choose the following bases of Hilbert space 

(4.3) 
(4.4) 
(4.5) 
(4.6) 

Note that Emn = \m){n\ is not a quantum state for m ^ 
n since it is not Hermitian, but it can be reconstructed as 
a linear combination of Hermitian input states |±;77in) 

Emn = \ + ]rnn)(^+-^rnn\ + i\~]rnn)(~;rnn\ 

-^{H{m\ + \n){n\), (4.7) 

where |+;?7i,ri) ~ -j=[\m) + |n)), \^;mn) = -j=(^\m) + 

i\n)). The 16 input states we must prepare are thus 
{|to)| m = 1, 2, 3, 4} and {|±; mn)\ ttj, n=l,2,3,4, m < 
n}. 

Step 2: CNOT gate operation. For the input states po = 
|?7i)(r?i|, |±; TOn)(±; mnj, we perform the CNOT operation 
described in the previous section. In this step we take 
into account of the effect of fluctuation of the operation 
time r. We assume that the operation time is not fixed at 
T = l^ = To , but is fluctuated around it with a Gaussian 
distribution 
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(4.8) 



where (r) = tq and ■\/((t — (r))^) = Ar are the mean 
value and the dispersion, respectively and the output 
state is given by the ensemble average over this distri- 
bution. The output states are not described by (3.4) as 
^idoai(/Oo) = (C/cnot)po(C^cnot)''' but by another CP map 
^(Po) = ((^cNOT(T))Po(C/cNOT('r))^), where C/cnot(t) = 

Step 3: state tomography of output states. A state to- 
mography scheme for the system described above is pro- 
posed in Ref. 7. For this system the state of the edge 
qubit can be measured repeatedly but the state of the 
other qubits than the edge qubit cannot be measured 
directly. The idea of Ref. 7 is that one obtains the in- 
formation about these qubits by using the entangling 
dynamics and the collapse of the state by the measure- 
ment on the edge qubit. If we perform a unitary oper- 
ation U on the state p and measure the edge qubit to 
confirm that it is in the state |t)x, the probability p 
of getting this result is given by p = Tr[P-f-C/pC/tp^] = 
T:v[{WP^P^U)p\ where P^ = |t)x(tl is the projection 
operator. This probability can be interpreted as the ex- 
pectation value of a Hermitian operator {U'^ P-\P-]-U) in 
the state p. Therefore, by suitably arranging the uni- 
tary operations and measurements, wc can obtain a set 
of expectation values of linearly independent operators 
and reconstruct all the elements of the state. It was 
shown^ that 15 linearly independent sequences of opera- 
tions are sufficient to reconstruct a two-qubit state. Ev- 
ery sequence consists of measurement of the edge qubit 
P^(l)i time evolution U{t) = e"*^"^, and global rotation 

R^{e) = R^^\e)R\^\e), where Rf\e) = e"'^"?'^ is a 
local rotation of qubit Q{= X, A) by an angle 6 around 
the i(= X, y) axis. Details of sequences are listed in Table 
I of Ref. 7. 

We consider two types of sources of experimental er- 
ror in step 3. The first one is an imperfection of the 
spin polarization of channel electrons in the measure- 
ment process. This makes the fidelity of spin-blockade 
measurement degrade. When the degree of polarization 
of the channel electrons is r (0 < r < 1), the measure- 
ment of the spin state of X is not represented by the pure 
projection p — )> P-^pPf but by 
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P 



-P^pPf 



1 



-PiPPh 



(4.9) 



where P-f(i) = lt(4-))x(t(i)l is the projection operator 
onto |t(4-))x state. This means that when we perform 
a measurement X to project it to |t}x wc obtain the 
correct result only with a probability -^ and then, the 
fidelity of measurement is degraded. The second source 
of error is a fluctuation of the operation time t. This can 
be dealt with in the same way as in step 2. 

According to the recipes in Ref. 7 (including small 
modifications) , we can obtain the matrix elements of the 
state S{po), which includes the effects of imperfect po- 
larization r and fluctuations of operation times. Finally, 
we convert these results to the process matrix elements 
XmnM{r,^r) = {m\£i\k){l\)\n) = TT[El,MEki)]. 



For example, in order to obtain a matrix element 
Xii,ii(?', At) = (l|f([l)(l|)|l), firstly we calculate the re- 
sult of CNOT gate operation £ for the input state |1)(1|- 

^(|1)(1|) =^{(1 + d){i + rf)|l)(l| + (1 - d)(3 - d)|2)(2| 

+ (l-d2)(|3)(3| + |4)(4| + |l)(2|+/..c.)}, 

(4.10) 



where pij = {i\p\i). This probability corresponds to 
the density matrix element pn. In fact for ideal sit- 
uation, i.e. r = 1 and Ar = 0, the probability 
(4.15) becomes pn. Because the process matrix element 
Xii,ii(^j At) = (l|f (|1)(1|)|1) is obtained as the element 
pii of p = £(|1)(1|); we achieve the following expression 
by substituting (4.10) into (4.15), 



d = e ^(s^'')'. Next we consider the following xii,iii.r, Ar) =^[A + {2(1 + df + (1 - d^){\ - df} 



wher 

sequence of operation for the tomography of this state 
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-IHt 



P1 



T' 



(4.11) 



16^ 



+ 2{l + d-d^{l-d)}r^]. (4.16) 



where r is fluctuated around the expectation value tq = 
J- with the Gaussian distribution (4.8). When the po- 
larization is r the success probability of this sequence is 
given by 

(4.12) 
where 

p\\\^ = (Tr[(P^(^)(7(r)Ft)p(F^^)C/(r)Ft)^]), (4.13) 

pj;^; = (Tr[(P^(,)C/(r)P,)p(Pt(i)C/(r)n)^]>- (4-14) 

This probability for general input state p is easily calcu- 
lated and the result is 



'(1) 



1 



Pf -^{(1 + rVpn + (1 + r)(l - d^r)p22 

+ (1 - r)(l + dV)p33 + (1 - rfp44}, (4.15) 



Other elements Xmn,kiif, ^t) can be obtained in simi- 
lar ways with appropriate initial states and sequences of 
operations. 

When we choose the bases as 

{Eii,E22, E33, E44\Ei2, E21, E34, E43\Ei3, £^31, i?24, £^42 | 

i?i4, i?4i, i?23, £-32}, the process matrix x(?', Ar) is given 

by 



X{r, Ar) = - 
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where 
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FIG. 2: Process matrix of CNOT gate. No fluctuation on the operation time is considered here, i.e., Ar — 0. (a) Ideal case 
with the perfect spin polarization in the channel electrons (r — 1), and more realistic cases with degraded polarizations (b) 
r = 0.8 and (c) r = 0.6. Bases of input and output operators are orderd as _Bii, £22, -B33, S44, S12, S21, S34, £43, _Ei3, .Esi, 
-E24, -E42, -E14, E41, E23, -E32. 
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with 



^Vi = 1 + 2/3«r + I3^i\', aW = 1 - 2/3£V + /Si^V^ 
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v(3) 



1 + 2/3. 
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4^v^ 



-± - a±{a± +r), 
a^^^ =2rf±(l + 6+)r, 
a'i^ ^ 2{l + i)db+ ± c+r, 

a± = i(l±d), 
c± = l(l±d4). 
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= a±(a± -J'), 

±2a±(l + a±), 
2 I 2 

a± ~ d a^. 
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Figures 2 (a) , (b) and (c) show the elements of the pro- 
cess matrix in the case of At = 0, for r = \ (ideal case), 
0.8 and 0.6, respectively. Since the effect of fluctuation 



of operation time Ar is found to be small, Ar 7^ case 
is not shown here. In fact the effect of the fluctuation of 
operation time appears through d = e"^^^^"^^ and the 
value of gAr is at most 0.1, which is corresponding to 
the case of Ar/r '--^ 1 %, then the deviation of d from 
the ideal value 1 is at most a few percent. On the con- 
trary, most of the matrix elements contain terms that are 
degraded due to the imperfection of spin polarization in 
proportion to the polarization r. 

Next we estimate the fidelity of the process relative to 
the ideal case. The process fidelity is defined by F == 
Jq Tr[xideaix] where Xidoai is the input-output matrix for 
the ideal CNOT gate operation. We easily find F{r, At) = 



„(2) 



(4.23) ^{a\!i + aV'i + 2(2c+raV'i + clra^+' + c+r^a 



(3) 



,.(4) 



.(5) 



)}. Fig- 

ure 3 shows the process fidelity as a function of polariza- 
tion r. Solid and dashed lines correspond to Ar ~ and 
Ar = 0.1/g cases, respectively. From this figure, we can 
see that a loss of process fidelity due to the fluctuation 




FIG. 3: Process fidelity of CNOT gate as a function of polar- 
ization r. Solid line stands for Ar = case, while dashed line 
for Ar = O.l/g case. 



of operation time becomes larger as the polarization r 
becomes larger. At the perfect polarization r = 1, the 
loss of fidelity is about 5% for Ar = O.l/g. Notice that 
in the case of Ar = 0, the process fidelity is simply de- 
scribed as F(r, 0) = j^(l + 3r)^. When the polarization 
of channel electrons is r = 0.6 (r = 0.8), we obtain the 
process fidelity F = 0.49 (F = 0.72) for Ar = 0. 

Moreover, We investigated the spin polarization r re- 
quired to the confirmation of entanglement creation by 
CNOT gate and process tomography. When the input 
state is a separable state ^(||)x + |4-)jc) ® \X)a and fluc- 
tuation Ar = 0, we have found that the output state is 
measured as an entangled state for the spin polarization 
of the electron r > -k=^ 0.58. 



by electrons confined in self- assembled quantum dots em- 
bedded in the spin field-effect transistor. In this system, 
there exist the spin exchange interactions between the 
neighboring qubits and one can only measure the spin 
state of the edge qubit by the spin-blockade measure- 
ment. We have shown that the CNOT gate operation can 
be realized by using the spin exchange interaction and 
several single-qubit rotations within the coherence time 
of qubits. The quantum process tomography can be also 
achieved in this system. We have taken into account of 
the fluctuation of operation time Ar and the imperfec- 
tion of polarization r of channel electrons as sources of 
decay of fidelity. The process fidelity of CNOT decreases 
at most 5% by the fluctuation of the operation time and 
the values of 0.49 and 0.72 are obtained for polariza- 
tions of the channel spin r = 0.6 and 0.8, respectively. 
Furthermore we have estimated the spin polarization re- 
quired to the confirmation of entanglement creation by 
CNOT gate and process tomography. We have found 
that ^ > -7^ '^ 0.58. This will serve as a target value 
of the necessary polarization in order to experimentally 
implement the proposed device. In the recent experi- 
ments, spin-injection efficiency of 50% has already been 
achieved^* and experimental technology has been inten- 
sively advancing. Therefore the CNOT gate operation and 
process tomography for the proposed system should be 
able to be achieved experimentally. 
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